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Abstract— In this paper, a maximum a posteriori probability estiwhere all variables are implicity defined by Eq. (1). The
mator is derived for determining the relative position arairier measurement model of Eq. (3) is quite general and also allows
phase integer ambiguities with GPS carrier phase measuatenithe a stacking of code measurementsin It is also common
estimator is also applied to real measurements and enaltiedding . . ) .

practice to include measurements from multiple epochs.

determination with an accuracy 6f5°/ baseline length [m]. . .
Keywords — Carrier phase positioning, Integer Ambiguity Resolution 1eunissen has developed in [2] the LAMBDA method to

MAP Estimation, Heading determination. solve the integer least-squares problem for GPS. In [3], he
proposed a constrained LAMBDA method which takes a
. INTRODUCTION priori information on the baseline length into account. Mul

The carrier phase of GPS/ Galileo satellite signals can frequency linear combinations are also an attractive méans
tracked with millimeter accuracy but is periodic which riésu eliminate the ionospheric delay and to increase the wagthten
in an integer ambiguity for each satellite. In this paper, wend, thereby, to improve the reliability of integer ambtgui
focus on attitude determination and, therefore, consiady o resolution as described by the author in [4]- [6].
double dlﬁgrgnce (DD) mea_surementg between two receivers | \1Ap ESTIMATION OF BASELINE AND INTEGER
The DD eliminates the receiver/ satellite clock offsetgskis A

. MBIGUITIES
and also the atmospheric delays. The DD phase measurements S
for the satellite paif{k,i} are modeled at time as in [1] as A Initial ambiguity fixing by Tree search
The Maximum Likelihood (ML) estimator determines the
kl (K

Af2m ((501 (t+ 571)1 (2 (¢ + 572))) baseline and ambiguity parametées IV} that have generated

~ (€M (t + 679))Thia(t + 0m2) the measurement® with largest probability, i.e.

+ b (8,071, 672) + ANTS + el (t + 0, + 079), (1) wax P(P[E, N). (4)

with the wavelength\, the receiver clock offseir,, the unit The Maxi AP iori Probability (MAP . .
vectoré* pointing from thek-th satellite to the receivers, the '€ Maximum osteriori Probability ( ) estimator is

baseline vectogw between both receivers, the DD correctioﬁhebczr?plzme%g thfe hMLb est:mator dand br‘_na>§|m|zes the
¢k, the integer ambiguityV* and the phase noisef. The Propability (¢, N|¥) of the baseline and ambiguity param-

double indices{ki} and {12} indicate differencing between eters for a given set of measurements. The MAP estimator

two satellites/ receivers. can be related to the ML estimator _Wlth_ t_he _rule of Bayes
The correction in Eq. (1) is required for low-cost GPéD(\I’K’N)P(E’N) = P(&, N|¥)P(¥), i.e. it is given by

receivgrs where the oscillgtors show cIocIf o_ffsets i_n thoeor P(e, N|§) = P(U|¢, N)P(&,N) (5)

of milliseconds: The satellite movement within the time foé t max P(&, - 7 )

) . . . o &N P(V)
differential receiver clock offset is no longer negligiblEhe

correction was derived by Henkel et al. in [1] to maintain th\é’herelf(;’ N) de_notes the a priori- infor.maf[ion.cmandN, )
integer property of ambiguities. It is given by and P(0) is considered as a marginal distribution. Assuming

that the distribution of the measurement noRer|¢, N) is

ciy(t, 671, 672) Gaussian and that the a priori information is statisticaitye-
= (@ (t+0m)" (F1(t+0m) — T (t +om — Ar)) pendent and also Gaussian distributedés, N') ~ N (€, ¥¢),
— (@Mt +m)T (#1(t + 0m) — FU(t 4+ 6m — AT{)) the maximization can also be written as a minimization, i.e.
— (EF(t + 6m)T (Z1(t + 672) — TF(t + 0 — ATS)) Ifn}? (|xi/ — H¢ - ANH;; + |6 — g|;§1) . (8

>l T (= =1 l
@+ ) (T3t 4 0m) — Tt 4 0m — A7), (2) The minimization over the integer-valued requires a search.
with A7} being the signal propagation time from the satellitssuming a search space volurgg the search determines all
to the receiver. The corrected DD phase measurements g@&eger candidate vectors insigé, i.e.
then be modeled in matrix-vector notation as

~ : I _ _ 2 2 2
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Teunissen decomposed the first term of Eq. (7) into thrégl), (13) and (7) then gives
orthogonal terms in [2], i.e.

(Nk — Ngjy..pe1)? =
' ) Ce ) Rt <% — PP (14)
H\I/_Hé-_ANHE;l = HN_N”E;]l +||€(N)_§HEE(1N) Nk\l ..... k—1
~ k— ~
+||PjPI§‘I/||QE;1, (8) 7 « (N, *2N1\1,...,l—1)2
[o2mN
=1 Nijt,o i
vyherePﬁ is the orthogonal projector on the spacerbfand B f‘l’ i ' o
A = PiA. The last term of Eq. (8) denotes the irreducible — min <|§(N) - §H§:1_ +|5¢ — §|;1)
noise. The unconstrained least-squares float ambiguity est ¢ £ ¢
mate N and the unconstrained least-squares fixed baseliflee minimization of Eq. (14) provides the constrained pdliti
estimatet (N) are given by fixed float solution given by
N _ _ _ ~ < ~ -1 X . =
N = (A™s3'A)LATS ' PLd Eopt (N) = (zgl + Sngls) (zglg(N) + stglgg .
EN) = (HTS'H)'HTS, M (T — AN).  (9) 15)

Solving the quadratic inequality of Eq. (14) fd¥, yields a

A sequential tree search shall now be performed for findidgWer and an upper bound for theth ambiguity Ny
all relevant integer candidates. As the search tree is dpeél

sequentially, the ambiguities are subdivided into a set of g, = N,k TNk A(N)
integer valued and a set of real-valued ambiguities. The rea s / -
valued set is attached to the baseline coordinates, i.e. ug, = Neps-1tog,, o VAN, (16)
with
N N’irl ~ - = (N - Nl|1 -1)°
N : ezl f— _ c R3FE-1-k  Ap(N)=x"— ||PjPﬁ\If||22;1 - Z o)
Nk : =1 Nij1,. -1
]\71(_1 < . 4 2 < ~ =9
10) ~ (1)~ o R+ 1) - €12
The elements of the two subsets also depend on the path in o (17)

the search tree, which has been omitted to keep the notation

simple. The error decomposition of Eg. (8) is now applied thhe two terms in the second row of Eq. (17) describe the
the partially fixed solution, i.e. baseline measurement residuals and the baseline a priori

residuals. The proposed estimate of Eq. (15) minimizes the

||‘i’ ~HE- ANH271 :H]@ —NHQA 4 I\g(N) —{;:HQA sum of b(_)th weighted_ sum of squared errors (WSSE) a_nd,
2y e e thereby, finds the optimum trade-off between low baseline
+ ||P,fpﬁ‘i’||2yl- (11) Mmeasurement residuals and low baseline a priori resideats.

the unconstrained integer search, the second term of tbadec

The float ambiguities of the first term are in general coreelat fow of Eq. (17) is not considered a@%t(N? = {(N) so that
These float ambiguities shall be related to the conditiondliso the f|r§t term of the_secon(_:i row vanishes. The length of
ambiguities, which are uncorrelated and were derived Bfye search interval foiV; is obtained from Eq. (16) as

Teunissen in [2] as ——
. ’U,Nk 7[Nk :20Nk\1 ’’’’’ 1 Ak(N) (18)
Nej k-1 (12) The substantial advantage of the soft-constrained integer
- i, NiNja . . search tree becomes obvious now: The subtraction of the
TR T T2 “(Njin,g=1 = Njp,..g—1), last two terms fromy? in Eq. (17) substantially reduces the
i= N search space volume compared to the unconstrained integer
where the covariance, ¢  and variancer® search tree, and this dramatically improves the efficierfcy o
} RGN Njji..;—1 the search.
were derived by Teunissen in [2]. Eq. (12) enables us to tewri The tree search is performed as follows: First, the search
the first component of Eq. (11) as space volume is determined based on the unconstrained boot-
2 strapping solution of Eq. (12) as
k 2
]\:7 N2 = (Nt = Nyj1,.0—1) 13 ) - ) _
IN = N3 =2 o2 : (13) X° = (I = Héps — ANps|l5o1 + [[€s — €ll5-0 (19)
v =1 ]\271\1 ..... -1 ¢

Subsequently, the constrained float solution is determined
Let S = (1%%3, 03*K~1-F) select the baseline coordinatemccording to Eq. (15) and used to findy, I, and ug,
from the joint baseline/ ambiguity vectgr Combining Eq. with Eq. (16) and (17). This defines the search interval for



the integer-valuedV;. For each of the integer candidates, axis of the car and had a negligible height difference. The
conditional partially fixed least-squares estimgtg,(N) of baseline length was determined by a meted a25 + 0.005
the baseline coordinates and remaining ambiguities isr-deté. Fig. 1 shows the track of the first test drive at Nymphenburg
mined using Eq. (15), wher® denotes an integer candidatgpalace. The integer ambiguities were resolved in the béaginn
of the first ambiguity. Moreover, a conditional unconsteain while the car was not moving. Thus, the orientation of the car
float estimateVs; of the second ambiguity is computed basewas found without any movement. The subsequent track is
on Eq. (12). This enables us to determidg(N), I, and subdivided into sections 0 s.
ug,, which provides search intervals for the second ambiguity.
conditioned on the candidates of the first ambiguity. A dearc S
tree evolves and is further developed until all candidates df ’%
the K-th ambiguity have been computed. Note that a branclilie
in the search tree does not have to be further considered
Ag(N) < 0 as the search interval diminishes.
Once the search tree is completed, one selects the pa
whose respective ambiguities minimize the weighted sum g
squared error$¥ — H¢ — AN, 1+|\§ §|| 1. The obtained

baseline/ ambiguities estlmates represent then the eplofi
the MAP estimator.

N

B. Attitude determination and Coasting

The heading (yaw) angle is obtained from the MAP baseling

estlmategopt( ) as:

-« . ~ Fig. 1. Track of car drive at Nymphenburg palace. The integebiguities
1) = atan (gopt7E(N)/§opt7N(N)) , (20) are resolved in the beginning while the car is not moving. $hbsequent
track is subdivided into sections @b s.

and is counted clockwise with® in Northern direction. The

elevation (pitch) angle is given by Fig. 2 shows the course of the heading during the test drive
; - at Nymphenburg palace. The enlarged regions show that the
0 = atan <§Opt u(V /\/gopt ( £, N(N)) . (21) noise of the heading estimate is in the order of ofly°.

The abrupt heading changes7ats, 110 s and140 s indicate
Once the ambiguities are fixed, the constrained baseline sal-turns or turns from one road into another road.
tion can be easily coasted using Eq. (15) &d/) = £(N)
from Eq. (9).
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C. Cycle Slip Detection and Correction 150

In the coasting phase, carrier phase measurements have tc
carefully screened for cycle slips. As triple differenceaph 100
measurements do not enable a reliable cycle slip detecti
and correction during high receiver dynamics, the propose
MAP estimator shall also be used for cycle slip detection ar
correction. The MAP cycle slip correction follows as

T 5 Y 2 s £112
min [V = Hévap — A(Nvap +AN)[[5 oo+ [[Euar =€l
} 3 (52) -100}
where Nyiap andéyap are the MAP estimates of the initial
ambiguity resolution ancA N denotes the cycle slip correction 50,6 s 100 120 140 160 180 200
for the current measuremenis Relevant candidates fak NV Time [s]
can be efficiently derived by predicting the triple diffecen

carrier phases and comparing the predicted phases to thed adtig. 2. Heading of track at Nymphenburg palace: The noiséefteading
measured ones. estimate is in the order of onl§.1°.
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. M EASUREMENT ANALYSIS Fig. 3 shows the phase residuals of our MAP estimator for

The proposed MAP estimator of baseline coordinates atite track of Fig. 1. The phase residuals of the two satellites
integer ambiguities was verified in a test drive, where twaf highest elevation (PRN 29, 30) are only a few millimeters.
low-cost single frequency patch antennas were mountedeon The phase residuals of the other satellites are more affecte
roof of a car. Both antennas were aligned to the longitudiny multipath but still remain unbiased and drift-free.
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180 — 185 s. As the track was close to a high building, the
code measurements were affected by substantial multipath.
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Fig. 3. Phase residuals of fixed baseline solution for tradiyaphenburg: Fig. 5. Phase residuals during initial nteger ambiguityohgton.
The phase residuals of all satellites are far below one waggh. For the two
satellites of highest elevation, the residuals are onlyarfellimeters.
350f ‘ ]
reversing
Fig. 4 shows the track of our second test drive in front o 300}
the ESA/ AZO building in Oberpfaffenhofen, Germany. The
integer ambiguities were again resolved in the beginninidewh 250112 reversing 1
the car was standing. The track includes several turns a 3 120 p g4
. . . S, 200 7
three sections with reversing a7 — 104 s, 140 — 160 s and o | 115!
3
Q
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0 i i i i i i i i
0 20 40 60 80 100 120 140 160 180 200

Time [s]

Fig. 6. Heading of car during car drive in front of the ESA/ AZilding.

IV. CONCLUSION

A maximum a posteriori probability estimator has been
derived for relative carrier phase positioning, which yull
integrates the baseline a priori information into the tregresh.
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