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Abstract—Precise Point Positioning with low-cost GNSS re-
ceivers is attractive for numerous applications, as it can pro-
vide centimeter-level positioning without the exchange of raw
measurements from a reference station. However, pseudorange
multipath has to be accurately considered for a reliable ambi-
guity fixing. In this paper, we derive a precise model for the
pseudorange multipath from the received signal, the correlator
and discriminator function. We consider multiple reflections with
individual amplitudes, phasings, Doppler shifts and code delays.

We estimate a pseudorange multipath parameter for each
satellite in our precise position solution to exploit the temporal
correlation of multipath and to prevent a mapping of multipath
to other state parameters. The method was tested with real
measurements from a low-cost receiver and SSR corrections and
showed that a millimeter-level positioning accuracy is achievable.

I. INTRODUCTION

Precise Point Positioning (PPP) is very attractive for au-
tonomous driving of vehicles as it does not require raw
measurements from a reference station. However, precise
corrections for atmospheric delays, satellite position and clock
errors, and satellite biases are needed for a fast convergence
of the Kalman filter. Code multipath and a reliable ambiguity
resolution with low-cost GNSS receivers and antennas are still
challenging.

The ambiguity fixing is traditionally performed in two steps:
The first one includes the calculation of a float solution and
the second one includes the mapping of the float solution to an
integer one. In the integer least-squares estimation (LAMBDA
method) of Teunissen [1], the fixing depends only on the
float ambiguities and the float ambiguity covariance matrix.
There are two inherent problems: First, an integer error of the
float ambiguities can not be recognized from the ambiguity
residuals and will result in the same integer error of the
fixed solution. Secondly, the float ambiguity covariance matrix
could be itself erroneous due to unmodeled or inaccurately
modeled multipath. An erroneous covariance matrix results in
a distorted search space, which might miss the correct integers.

Henkel and Iafrancesco [2] estimate a code multipath pa-
rameter for each satellite-satellite single difference measure-
ment to fully exploit the temporal correlation of multipath
and to prevent a mapping of the code multipath into other
state parameters. The fixing method of Henkel and Sperl [3]
includes two phases: the first phase is an integer collection

phase and the second phase is an integer tracking phase. In
the collection phase, sets of integer candidate vectors are
determined based on the float solution at multiple epochs.
Thereby, different float solutions are considered to increase
the likelihood of including the correct candidate vector in the
set of candidate vectors.

In the integer tracking phase, a single-epoch phase-only
least-squares position estimate is determined for each can-
didate vector. The sum of squared fixed phase measurement
residuals are accumulated over time. For all erroneous candi-
date vectors, the sum of squared residuals is drifting over time
as the residuals are affected by the projection of the integer
error on the orthogonal space of the geometry matrix, which
depends on the time-dependent line of sight vector between
the satellite and receiver. For the correct candidate vector, the
residuals only include projected phase noise and multipath and,
thus, are not drifting over time. An integer candidate is selected
once there is a sufficient discrimination, i.e. once the position
drift of one candidate is at least two times lower than the drift
of any other candidate.

In this paper, we derive a precise model for the code
multipath from the received signal using correlator and dis-
criminator functions. The obtained model is integrated into
a precise point positioning solution. We applied the method
to real measurements from low-cost u-blox LEA 6T GPS
receivers and show that a precise point positioning with precise
multipath estimation is feasible.

II. MODELING OF PSEUDORANGE ERROR DUE TO

MULTIPATH

In this section, the pseudorange error due to multipath is
derived for an Early-minus-Late discriminator. We model the
received signal at time 𝑡 as the superposition of the direct
signal with amplitude 𝐴0, code delay 𝜏 , phase 𝜑 and Doppler
frequency 𝜔 and 𝐿 reflected signals with amplitude 𝐴𝑙, extra
path delay Δ𝑡𝑙, phase shift Δ𝜑𝑙 and Doppler offset Δ𝜔𝑙, i.e.

𝑟(𝑡) = 𝐴0 ⋅ 𝑐(𝑡− 𝜏) ⋅ 𝑒𝑗(𝜑+𝜔(𝑡−𝜏))

+

𝐿∑
𝑙=1

𝐴𝑙 ⋅ 𝑐(𝑡− (𝜏 +Δ𝑡𝑙)) (1)

⋅ 𝑒𝑗(𝜑+Δ𝜑𝑙+(𝜔+Δ𝜔𝑙)(𝑡−(𝜏+Δ𝑡𝑙))) + 𝜂(𝑡),



with 𝑐(𝑡) being the chip pulse and 𝜂 being the noise of the
received signal. We assume that all tracking loops (DLL, FLL
and PLL) are in lock. In this case, we can remove the carrier
from the received signal, i.e.

𝑟∗(𝑡) = 𝑟(𝑡) ⋅ 𝑒−𝑗(𝜑+𝜔(𝑡−𝜏))

= 𝐴0 ⋅ 𝑐(𝑡− 𝜏) +

𝐿∑
𝑙=1

𝐴𝑙 ⋅ 𝑐(𝑡− (𝜏 +Δ𝑡𝑙))

⋅𝑒𝑗(Δ𝜑𝑙−𝜔Δ𝑡𝑙−Δ𝜔𝑙⋅(𝑡−(𝜏+Δ𝑡𝑙))) + 𝜂(𝑡). (2)

As the signal of interest is only in the real part of 𝑟∗(𝑡), we
can eliminate the imaginary part of the reflected signals by a
projection onto the space of real-valued numbers, i.e.

Re{𝑟∗(𝑡)} = 𝐴0 ⋅ 𝑐(𝑡− 𝜏)

+
𝐿∑

𝑙=1

𝐴𝑙 ⋅ 𝑐(𝑡− (𝜏 +Δ𝑡𝑙))

⋅ cos (Δ𝜑𝑙 − 𝜔Δ𝑡𝑙 −Δ𝜔𝑙 ⋅ (𝑡− (𝜏 +Δ𝑡𝑙)))

+ 𝜂(𝑡). (3)

The GNSS receiver correlates Re{𝑟∗(𝑡)} with the receiver-
generated signal 𝐴0 ⋅ 𝑐(𝑡− 𝜏 −Δ) and obtains as correlation
result:

𝐶(Δ𝜏) =

∫ 𝑇c

0

Re{𝑟∗(𝑡)} ⋅𝐴0 ⋅ 𝑐(𝑡− 𝜏 −Δ𝜏)𝑑(𝑡− 𝜏) (4)

Let us assume that 𝑐(𝑡− 𝜏) is defined as a rectangular pulse,
i.e.

𝑐(𝑡− 𝜏) =

{
1 if 0 < 𝑡− 𝜏 < 𝑇c
0 else.

, (5)

and that the extra-path delays Δ𝑡𝑙 are in the interval [0, 𝑇c]
for all 𝑙. The correlation result of Eq. (4) can then be further
developed as

𝐶(Δ𝜏) = 𝐴2
0 ⋅

∫ min (Δ𝜏+𝑇c,𝑇c)

max(0,Δ𝜏)

𝑑(𝑡− 𝜏) ⋅ 𝛿(𝛿𝜏<𝑇c)

+
𝐿∑

𝑙=1

𝐴0𝐴𝑙 ⋅ 𝐼𝑙 (min(max(Δ𝜏,Δ𝑡𝑙),Δ𝑡𝑙 + 𝑇c),

min(𝑇c +Δ𝜏, 𝑇c +Δ𝑡𝑙),

Δ𝜑𝑙,Δ𝜔𝑙,Δ𝑡𝑙) + 𝜂(𝑡), (6)

with 𝐼𝑙 being defined as

𝐼𝑙(𝛼𝑙, 𝛽𝑙,Δ𝜑𝑙,Δ𝜔𝑙,Δ𝑡𝑙)

=

∫ 𝛽𝑙

𝛼𝑙

cos (Δ𝜑𝑙 − 𝜔Δ𝑡𝑙 −Δ𝜔𝑙 ⋅ (𝑡− 𝜏 −Δ𝑡𝑙)) 𝑑(𝑡− 𝜏)

⋅ 𝛿(𝛽𝑙>𝛼𝑙) + 𝜂(𝑡), (7)

and

𝛿(𝛽𝑙>𝛼𝑙) =

{
1 if 𝛽𝑙 > 𝛼𝑙

0 else.
. (8)

The slope of the correlation result is changing abruptly at some
code offsets Δ𝜏 . The set of characteristic points is given by

{−𝑇c,−𝑇c+Δ𝑡𝑙, 0,Δ𝑡𝑙, 𝑇c, 𝑇c+Δ𝑡𝑙}, 𝑙 ∈ {1, . . . , 𝐿}. (9)

The correlation result at these characteristic points can be
derived as

𝐶(−𝑇c) = 0 (10)

𝐶(−𝑇c +Δ𝑡𝑙) (11)

= 𝐴2
0Δ𝑡𝑙 +

𝐿∑
𝑙′=1

𝐴0𝐴𝑙′ ⋅ 𝐼𝑙′(Δ𝑡𝑙′ ,Δ𝑡𝑙,Δ𝜑𝑙′ ,Δ𝜔𝑙′ ,Δ𝑡𝑙′)

𝐶(0)

= 𝐴2
0𝑇c +

𝐿∑
𝑙′=1

𝐴0𝐴𝑙′ ⋅ 𝐼𝑙′(Δ𝑡𝑙′ , 𝑇c,Δ𝜑𝑙′ ,Δ𝜔𝑙′ ,Δ𝑡𝑙′) (12)

𝐶(Δ𝑡𝑙)

= 𝐴2
0(𝑇c −Δ𝑡𝑙) +

𝐿∑
𝑙′=1

𝐴0𝐴𝑙′ ⋅ 𝐼𝑙′ (max(Δ𝑡𝑙,Δ𝑡𝑙′),

min(𝑇c +Δ𝑡𝑙, 𝑇c +Δ𝑡𝑙′),Δ𝜑𝑙′ ,Δ𝜔𝑙′ ,Δ𝑡𝑙′) (13)

𝐶(𝑇c)

=

𝐿∑
𝑙′=1

𝐴0𝐴𝑙′ ⋅ 𝐼𝑙′(𝑇c, 𝑇c +Δ𝑡𝑙′ ,Δ𝜑𝑙′ ,Δ𝜔𝑙′ ,Δ𝑡𝑙′)

𝐶(𝑇c +Δ𝑡𝑙)

=
𝐿∑

𝑙′=1

𝐴0𝐴𝑙′ ⋅ 𝐼𝑙′(min(𝑇c +Δ𝑡𝑙, 𝑇c +Δ𝑡𝑙′),

𝑇c +Δ𝑡𝑙′ ,Δ𝜑𝑙′ ,Δ𝜔𝑙′ ,Δ𝑡𝑙′). (14)

GNSS receivers use a discriminator for tracking the code delay
Δ𝜏 . The Early-minus-Late discriminator [4] is widely used
and defined as

𝐷(Δ𝜏) = 𝐶E(Δ𝜏)− 𝐶L(Δ𝜏)

= 𝐶(Δ𝜏 − 𝑑𝑇c/2)− 𝐶(Δ𝜏 + 𝑑𝑇c/2), (15)

with 𝑑𝑇c/2, 𝑑 ≤ 1, being the correlator spacing. We assume
without loss of generality that the extra-path delay Δ𝑡𝑙 is
smaller than 𝑑𝑇c/2. The discriminator function is continuous
in the interval

Δ𝜏 ∈
[
−𝑑𝑇c

2
+ max

𝑙
(Δ𝑡𝑙),

𝑑𝑇c
2

]
. (16)

We denote the discriminator function at the lower and upper
end of this interval by 𝐷l and 𝐷u, i.e.

𝐷l = 𝐶

(
−𝑑𝑇c +max

𝑙
(Δ𝑡𝑙)

)
− 𝐶

(
max

𝑙
(Δ𝑡𝑙)

)
𝐷u = 𝐶(0)− 𝐶(𝑑𝑇c), (17)

where the correlator results can be obtained by linear in-
terpolation using the correlation results at the characteristic
points of Eq. (10)-(14). The discriminator function has a zero
crossing in this interval. The non-zero code delay at the zero-
crossing represents the pseudorange error due to multipath. We
approximate the discriminator function by a linear function,
i.e.

𝐷(Δ𝜏) = 𝐷l +
𝐷u −𝐷l

Δ𝜏u −Δ𝜏l
⋅ (Δ𝜏 −Δ𝜏l). (18)



The pseudorange error due to multipath is obtained by setting
𝐷(Δ𝜏) = 0 and by solving it for Δ𝜏 , i.e.

Δ𝜏MP = Δ𝜏l − 𝐷l

𝐷u −𝐷l
⋅ (Δ𝜏u −Δ𝜏l) . (19)

Fig. 1 includes a graphical representation of the multipath-
induced pseudorange error for a simplified case with 𝐿 = 1,
Δ𝜑1 = 0 and Δ𝜔1 = 0. In this special case, the pseudorange
error due to multipath simplifies to

Δ𝜌MP = 𝑐Δ𝜏MP (20)

=
𝐴1

𝐴0 +𝐴1
⋅Δ𝑡1 ∀ Δ𝑡1 ≤ 𝑑𝑇c

2
, 𝑑 ≤ 1,

which is directly proportional to both the amplitude 𝐴1 and
extra path delay Δ𝑡1 of the reflected signal but is independent
from the correlator spacing 𝑑.

Correlation result

reflected signal
direct signal

direct and reflected signals
superposition of

Late correlator

pseudorange bias
due to multipath
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Early−Late
discriminator
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Δ𝜏

Δ𝜏

𝑟(𝑡)

𝑇c

Δ𝑡1

−𝑇c
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Δ𝑡1

𝑇c

𝑇c +Δ𝑡1
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0𝑇c +𝐴0𝐴1(𝑇c −Δ𝑡1)
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𝑑𝑇c

2

Fig. 1: Early-Late discriminator result with multipath

For a more realistic multipath analysis, one has to consider
the amplitude 𝐴𝑙, the phase shift Δ𝜑𝑙, the Doppler offset Δ𝜔𝑙

and the extra-path delay Δ𝑡𝑙 for 𝑙 = {1, . . . , 𝐿} reflections.
We assume a random walk process for each parameter, i.e.⎧⎨

⎩
𝐴𝑙(𝑡𝑛)
Δ𝜑𝑙(𝑡𝑛)
Δ𝜔𝑙(𝑡𝑛)
Δ𝑡𝑙(𝑡𝑛)

⎫⎬
⎭ =

⎧⎨
⎩

∣𝐴𝑙(𝑡𝑛−1) + 𝜀𝐴𝑙
(𝑡𝑛)∣

Δ𝜑𝑙(𝑡𝑛−1) + 𝜀Δ𝜑𝑙
(𝑡𝑛)

Δ𝜔𝑙(𝑡𝑛−1) + 𝜀Δ𝜔𝑙
(𝑡𝑛)

∣Δ𝑡𝑙(𝑡𝑛−1) + 𝜀Δ𝑡𝑙(𝑡𝑛)∣

⎫⎬
⎭ , (21)

where the absolute value is considered for 𝐴𝑙 and Δ𝑡𝑙 as both
the amplitude and extra path delay are non-negative.

III. PRECISE POINT POSITIONING

We use satellite-satellite single difference (SD) measure-
ments to eliminate receiver dependent biases and clock offsets.
The SD carrier phases are modeled as

𝜆𝜑𝑘𝑙
𝑟 = �⃗� 𝑘

𝑟 (�⃗�𝑟 − �⃗� 𝑘)− �⃗� 𝑙
𝑟 (�⃗�𝑟 − �⃗� 𝑙)

+�⃗� 𝑘𝑙
𝑟 Δ�⃗�ET + 𝜆Δ𝜑𝑘𝑙

PCO + 𝜆Δ𝜑𝑘𝑙
PW

−𝑐𝛿𝜏𝑘𝑙 + 𝑇 𝑘𝑙
𝑟 − 𝐼𝑘𝑙𝑟 + 𝜆𝑁𝑘𝑙

𝑟 + 𝜆/Δ𝑁𝑘𝑙
𝑟

+𝛽𝑘𝑙 + 𝜀𝜑𝑘𝑙
𝑟
, (22)

with the satellite-receiver line of sight vector �⃗� 𝑘
𝑟 , the receiver

position �⃗�𝑟, the satellite position �⃗�𝑘, the earth tide Δ�⃗�ET,
the wavelength 𝜆, the SD phase center offset Δ𝜑𝑘𝑙

PCO, the SD
phase wind-up Δ𝜑𝑘𝑙

PW, the speed of light 𝑐, the satellite clock
offset 𝛿𝜏𝑘, the tropospheric delay 𝑇 𝑘

𝑟 , the ionospheric delay
𝐼𝑘𝑟 , the integer ambiguity 𝑁𝑘

𝑟 , the number of half cycle slips
Δ𝑁𝑘𝑙

𝑟 , the satellite phase bias 𝛽𝑘 and the phase noise 𝜀𝜑𝑘𝑙
𝑟

.
The SD pseudoranges are modeled as

𝜌𝑘𝑙𝑟 = �⃗� 𝑘
𝑟 (�⃗�𝑟 − �⃗� 𝑘)− �⃗� 𝑙

𝑟 (�⃗�𝑟 − �⃗� 𝑙) + �⃗� 𝑘𝑙
𝑟 Δ�⃗�ET

−𝑐𝛿𝜏𝑘𝑙 + 𝑇 𝑘𝑙
𝑟 + 𝐼𝑘𝑙𝑟 +Δ𝜌𝑘𝑙MP𝑟

+ 𝑏𝑘𝑙 + 𝜀𝜂𝑘𝑙
𝑟
,

(23)

with the code multipath pseudorange error Δ𝜌𝑘MP𝑟
based on

Eq. (19), the satellite code bias 𝑏𝑘 and the code noise 𝜀𝜂𝑘
𝑟

.
The third GNSS observable is the Doppler measurement being
modeled as

𝑓 𝑘𝑙
D,𝑟 = −𝑓c

(
�⃗� 𝑘
𝑟 (

˙⃗𝑥𝑟 − ˙⃗𝑥 𝑘)/𝑐− �⃗� 𝑙
𝑟 (

˙⃗𝑥𝑟 − ˙⃗𝑥 𝑙)/𝑐
)

− 𝑓c𝛿𝜏
𝑘𝑙 + 𝜀𝑓𝑘𝑙

D𝑟
, (24)

with the carrier frequency 𝑓c, the receiver velocity ˙⃗𝑥𝑟, the
satellite velocity ˙⃗𝑥 𝑘, the satellite clock drift 𝛿𝜏𝑘 and the
Doppler measurement noise 𝜀𝑓𝑘

D𝑟
.

We subtract the a priori known satellite positions, satellite
clock offsets, tropospheric/ ionospheric delays, satellite phase/
code bias estimates, Earth tides, phase center offsets and phase
wind up using precise models from Eq. (22) and (23) to obtain

𝜆𝜑𝑘𝑙
𝑟 = 𝜆𝜑𝑘𝑙

𝑟 + �⃗� 𝑘
𝑟 �⃗� 𝑘 − �⃗� 𝑙

𝑟 �⃗�
𝑙 + 𝑐𝛿𝜏𝑘𝑙

−𝑇 𝑘𝑙
𝑟 + 𝐼𝑘𝑙𝑟 − 𝛽𝑘𝑙

−�⃗� 𝑘𝑙
𝑟 Δ�⃗�ET − 𝜆Δ𝜑𝑘𝑙

PCO − 𝜆Δ𝜑𝑘𝑙
PW

= (�⃗� 𝑘
𝑟 − �⃗� 𝑙

𝑟 )�⃗�𝑟 + 𝜆𝑁𝑘𝑙
𝑟 + 𝜆/2Δ𝑁𝑘𝑙

𝑟

+Δ𝑇 𝑘𝑙
𝑟 −Δ𝐼𝑘𝑙𝑟 + 𝜀𝜑𝑘𝑙

𝑟
, (25)



and

𝜌𝑘𝑙𝑟 = 𝜌𝑘𝑙𝑟 + �⃗� 𝑘
𝑟 �⃗� 𝑘 − �⃗� 𝑙

𝑟 �⃗�
𝑙 + 𝑐𝛿𝜏𝑘𝑙

−𝑇 𝑘𝑙
𝑟 − 𝐼𝑘𝑙𝑟 − �̂�𝑘𝑙 − �⃗� 𝑘𝑙

𝑟 Δ�⃗�ET

= (�⃗� 𝑘
𝑟 − �⃗� 𝑙

𝑟 )�⃗�𝑟 +Δ𝑇 𝑘𝑙
𝑟 +Δ𝐼𝑘𝑙𝑟 +Δ𝜌𝑘𝑙MP𝑟

+ 𝜀𝜂𝑘𝑙
𝑟
.

(26)

For the Doppler measurement, we obtain similarly

𝑓𝑘𝑙
D,𝑟 = 𝑓𝑘𝑙

D,𝑟 − 𝑓c(�⃗�
𝑘
𝑟
˙⃗𝑥 𝑘 − �⃗� 𝑙

𝑟
˙⃗𝑥 𝑙)/𝑐+ 𝑓c𝛿𝜏

𝑘𝑙

= −𝑓c(�⃗�
𝑘
𝑟 − �⃗� 𝑙

𝑟 )
˙⃗𝑥𝑟/𝑐 (27)

If {Δ𝑇 𝑘𝑙
𝑟 ,Δ𝐼𝑘𝑙𝑟 } ≪ 𝜆/2, the residual atmospheric errors

can be neglected and the SD ambiguities 𝑁𝑘𝑙
𝑟 can be consid-

ered as integer valued. A Kalman filter is used to estimate the
absolute position �⃗�𝑟, the SD ambiguities 𝑁𝑘𝑙

𝑟 and the code
multipath pseudorange errors Δ𝜌𝑘𝑙MP𝑟

. If the residual atmo-
spheric errors are not negligible, they are implicitly mapped
to the ambiguities and code multipath pseudorange errors. In
this case, the ambiguities are no longer integer valued.

IV. CYCLE SLIP CORRECTION

The cycle slips are corrected in a pre-processing. The time-
difference between the SD phase measurements of two subse-
quent epochs eliminates the constant integer ambiguity term
but does not cancel the position term for moving receivers.
Therefore, we subtract the time difference of the position term
�⃗� 𝑘𝑙
𝑟 �⃗�𝑟 from the time-differenced SD phase measurements and

obtain from Eq. (25)

𝜆𝜑𝑘𝑙
𝑟 (𝑡𝑛)− 𝜆𝜑𝑘𝑙

𝑟 (𝑡𝑛−1)

−
(
�⃗� 𝑘𝑙
𝑟 (𝑡𝑛)ˆ⃗𝑥pred,𝑟(𝑡𝑛)− �⃗� 𝑘𝑙

𝑟 (𝑡𝑛−1)ˇ⃗𝑥𝑟(𝑡𝑛−1)
)

= 𝜆/2Δ𝑁𝑘𝑙
𝑟 +

(
�⃗� 𝑘𝑙
𝑟 (𝑡𝑛)𝜀ˆ⃗𝑥pred,𝑟

(𝑡𝑛)− �⃗� 𝑘𝑙
𝑟 (𝑡𝑛−1)𝜀ˇ⃗𝑥𝑟

(𝑡𝑛−1)
)

+ 𝜀𝜑𝑘𝑙
𝑟
(𝑡𝑛)− 𝜀𝜑𝑘𝑙

𝑟
(𝑡𝑛−1), (28)

which leaves the cycle slips, the errors of the position estimates
and the phase noise as unknowns. As the cycle slip detection
is typically performed in a pre-processing before positioning,
the position of the current (𝑛-th) epoch must be predicted. We
integrate the position by using the acceleration measurement
𝑎b, which is given in the body-fixed frame and affected by the
accelerometer bias 𝑏ba and the gravity vector 𝑔b. Applying the
respective corrections and rotations enables us to predict the
position as

ˆ⃗𝑥pred,𝑟(𝑡𝑛) = ˆ⃗𝑥𝑟(𝑡𝑛−1) +
˙̂
�⃗�𝑟(𝑡𝑛−1) ⋅ (𝑡𝑛 − 𝑡𝑛−1)

+

∫ 𝑡𝑛

𝑡𝑛−1

∫ 𝑡𝑛

𝑡𝑛−1

(
𝑅e
n(𝑡)𝑅

n
b(𝑡)

(
𝑎b(𝑡)− 𝑏ba(𝑡)

)−𝑅e
n(𝑡)𝑔

n
)
𝑑2𝑡.

(29)

The accuracy of the predicted position and, thus, the reliability
of cycle slip correction is mainly limited by an imperfect
knowledge of the attitude-dependant rotation matrix 𝑅n

b and
acceleration bias 𝑎b. The cycle slip correction can be further
enhanced by using a tree search including all satellites and
by using baseline length a priori information as described by
Henkel and Oku in [5].

V. JOINT PRECISE POINT POSITIONING

AND ATTITUDE DETERMINATION

We consider 𝑟 GNSS receivers/ antennas for determining
both the absolute position and the three-dimensional attitude
as introduced by Teunissen in [6] as Array-aided Precise
Point Positioning. The absolute position of the 𝑟-th receiver
is expressed in terms of the absolute position �⃗�1 of the first
receiver and the baseline vector �⃗�1𝑟, i.e.

�⃗�𝑟 = �⃗�1 − �⃗�1𝑟 ∀ 𝑟 ≥ 2. (30)

Similarly, the SD ambiguities of the 𝑟-th receiver can be
related to the SD ambiguities of the first receiver using the
double difference ambiguities 𝑁𝑘𝑙

1𝑟 , i.e.

𝑁𝑘𝑙
𝑟 = 𝑁𝑘𝑙

1 −𝑁𝑘𝑙
1𝑟 ∀ 𝑟 ≥ 2. (31)

The estimation of 𝑁𝑘𝑙
1 and 𝑁𝑘𝑙

1𝑟 instead of 𝑁𝑘𝑙
𝑟 is advantageous

as the double difference ambiguities of the attitude baseline
are always integer valued while 𝑁𝑘𝑙

𝑟 might not necessarily be
integer valued. The attitude baseline vectors can be described
both in a local body-fixed frame (being notated as b-frame)
and in the North-East-Down (NED) navigation frame (being
notated as n-frame). The transformation 𝑅n

b from the b-frame
into the n-frame depends on the attitude, i.e. the roll angle 𝜑,
the pitch angle 𝜃 and the yaw angle 𝜓 and is given by Jekeli
[7] as

𝑅n
b = 𝑅3(−𝜓)𝑅2(−𝜃)𝑅1(−𝜑), (32)

where 𝑅𝑗 is a rotation around the 𝑗-th axis. The baseline
vectors of the attitude and their derivatives are given in the
n-frame by

�⃗� n
1𝑟 = 𝑅n

b�⃗�
b
1𝑟

˙⃗
𝑏 n
1𝑟 = �̇�n

b�⃗�
b
1𝑟 +𝑅n

b
˙⃗
𝑏 b
1𝑟, (33)

with �̇�n
b being a function of the attitude Euler angles and their

derivatives �̇�, 𝜃 and �̇�.
The precise estimation of the attitude with GNSS has several

advantages that go clearly beyond the attitude information
itself. First, the reliability of the RTK cycle slip correction is
significantly improved, as the orientation of the gravity vector
and, thus, the acceleration can be described more accurately.
Second, the knowledge of the attitude baseline �⃗�1𝑟 and its
double difference ambiguities ambiguities 𝑁𝑘𝑙

1𝑟 enables us to
express the SD measurements of the 𝑟-th receiver in terms of
the SD measurements of the 1-st receiver:

𝜆(𝜑𝑘𝑙
𝑟 +𝑁𝑘𝑙

1𝑟) = 𝜆𝜑𝑘𝑙
1 − (�⃗� 𝑘

1 − �⃗� 𝑙
1)�⃗�1

+(�⃗� 𝑘
𝑟 − �⃗� 𝑙

𝑟 )(�⃗�1 − �⃗�1𝑟)− 𝜀𝜑𝑘𝑙
1𝑟
, (34)

which increases the number of carrier phase measurements
from 𝐾 to 𝑅𝐾 without any further unknowns. Thus, the
number of available carrier phase measurements from 𝑅 single
frequency receivers corresponds to the number of carrier phase
measurements of one single multi-frequency receiver with 𝑅
frequencies.



The attitude ambiguity fixing is performed by an integer
least-squares estimation using soft baseline length a priori
information, i.e.

min
𝑁1𝑟 ,⃗𝑏1𝑟

(∥∥∥𝑧1𝑟 −𝐻�⃗�1𝑟 −𝐴𝑁1𝑟

∥∥∥2
Σ−1

𝑧

+
(∥⃗𝑏1𝑟∥ − �̄�1𝑟)

2

𝜎2
�̄�1𝑟

)
(35)

with the baseline length a priori information �̄�1𝑟 with standard
deviation 𝜎�̄�1𝑟 and the vector of double difference phase and
code measurements

𝑧1𝑟 =
(
𝜆𝜑 1𝑙

1𝑟 , . . . , 𝜆𝜑
𝐾𝑙
1𝑟 , 𝜌 1𝑙

1𝑟 , . . . , 𝜌
𝐾𝑙
1𝑟

)T
(36)

and the geometry and design matrices

𝐻 = 12×1 ⊗

⎛
⎜⎝ �⃗� 1𝑙

1
...

�⃗�𝐾𝑙
1

⎞
⎟⎠ 𝐴 =

(
𝜆 ⋅ 𝐼𝐾×𝐾

0

)
. (37)

The solution to the problem of Eq. (35) is described in
details by Henkel and Günther in [8] and by Teunissen in
[9]. The magnitudes of the search intervals in the tree search
were reduced in [10] by including soft baseline length a
priori information in the bound calculation. Henkel and Kiam
reduced the search space by using an a priori information on
the 3D baseline vector instead of the baseline length [11].

Once the double difference ambiguities of the attitude
baselines are fixed, the SD carrier phase measurements are
re-adjusted and stacked with the pseudorange and Doppler
measurements, i.e.

𝑧GPS =
(
𝜆𝜑T

1 , 𝜆(𝜑2 + �̌�12)
T . . . , 𝜆(𝜑𝑅 + �̌�1𝑅)

T,

𝜌T1 , . . . , 𝜌
T
𝑅, 𝑓 T

D1
, . . . , 𝑓 T

D𝑅

)T
. (38)

We also consider the inertial measurements for joint precise
point positioning and attitude determination. The accelerome-
ter provides its measurements in the body-fixed b-frame, which
are modeled according to Jekeli [7] and our earlier publication,
see e.g. [12], as

𝑎b(𝑡𝑛) = 𝑅b
e (𝑡𝑛)𝑎

e(𝑡𝑛) + 𝑏b𝑎(𝑡𝑛) +𝑅b
n

⎛
⎝ 0

0
𝑔

⎞
⎠+ 𝜀b𝑎(𝑡𝑛)

= 𝑅b
n(𝑡𝑛)𝑅

n
e (𝑡𝑛)𝑎

e(𝑡𝑛) + 𝑏b𝑎(𝑡𝑛)

+𝑔

⎛
⎝ − sin(𝜃(𝑡𝑛))

cos(𝜃(𝑡𝑛)) sin(𝜑(𝑡𝑛))
cos(𝜃(𝑡𝑛)) cos(𝜑(𝑡𝑛))

⎞
⎠+ 𝜀b𝑎(𝑡𝑛), (39)

with the rotation matrices 𝑅b
n and 𝑅n

e for transforming the
acceleration 𝑎e from the ECEF (e-) frame into the body-fixed
using the navigation (n-) frame (NED) as intermediate frame,
the acceleration bias 𝑏ba in the body-fixed frame, the magnitude
𝑔 of the gravity and the measurement noise 𝜀ba . The rotation
from the e-frame into the n-frame depends on the latitude 𝜑1

and longitude 𝜑1 of the receiver and is given by

𝑅n
e (𝑡𝑛) = 𝑅2(−𝜋/2− 𝜑1(𝑡𝑛))𝑅3(𝜆1(𝑡𝑛)). (40)

The rotation from the n-frame into the b-frame is given by the
inverse of Eq. (32).

The gyroscope senses the angular rates 𝜔b
ib of the body-

fixed frame with respect to the inertial frame in the body-
fixed frame. These angular rates are the sum of 𝜔b

in, 𝜔b
nb, the

gyroscope biases 𝑏b𝜔ib
and the measurement noise 𝜂b𝜔ib

, and
are modeled as

𝜔b
ib(𝑡𝑛) = 𝑅b

n(𝑡𝑛)𝜔
n
in(𝑡𝑛) + 𝜔b

nb(𝑡𝑛) + 𝑏b𝜔ib
(𝑡𝑛) + 𝜂b𝜔ib

(𝑡𝑛).
(41)

The first term of Eq. (41) depends on the latitude 𝜑1, the rates
{�̇�1, �̇�1} of latitude and longitude, and the Earth rotation rate
𝜔e, and is given by Jekeli [7] (p. 25, Eq. 1.89) as

𝜔n
in =

⎛
⎝ (�̇�1 + 𝜔e) cos(𝜑1)

−�̇�1

−(�̇�1 + 𝜔e) sin(𝜑1)

⎞
⎠ . (42)

The second term of Eq. (41) can be related to the Euler angular
rates (see Jekeli [7], p. 26, Eq. 1.94) as

𝜔b
nb =𝑅1(𝜑)𝑅2(𝜃)

⎛
⎝ 0

0

�̇�

⎞
⎠+𝑅1(𝜑)

⎛
⎝ 0

𝜃
0

⎞
⎠+

⎛
⎝ �̇�

0
0

⎞
⎠

=

⎛
⎝ 1 0 − sin(𝜃)

0 cos(𝜑) cos(𝜃) sin(𝜑)
0 − sin(𝜑) cos(𝜃) cos(𝜑)

⎞
⎠

⎛
⎝ �̇�

𝜃

�̇�

⎞
⎠ . (43)

The inertial measurements are stacked in the vector

𝑧INS =
(
(𝑎b)T, (𝜔b

ib)
T
)T

. (44)

We use an extended Kalman filter for joint precise point
positioning and attitude determination with GNSS/ INS sen-
sor fusion. The sensor fusion is described by Henkel and
Iafrancesco in [2][12] and includes the following state vector

𝑥 =
(
�⃗�1, ˙⃗𝑥1, ¨⃗𝑥1 , 𝜑, 𝜃, 𝜓, �̇�, 𝜃, �̇�, 𝑁𝑘𝑙

1 , 𝑁𝑘𝑙
12, . . . , 𝑁

𝑘𝑙
1𝑅︸ ︷︷ ︸

ℤ

,

Δ𝜌MP𝑘𝑙
1
, . . . ,Δ𝜌MP𝑘𝑙

𝑅
, (𝑏ba)

T, (𝑏b𝜔ib
)T

)
. (45)

The state vector is predicted with a linear movement model:

�̂�−
𝑛 = Φ𝑛�̂�

+
𝑛−1, (46)

and updated by GPS and INS measurements in an alternating
manner, i.e.

�̂�+𝑛 = �̂�−
𝑛 +𝐾𝑛(𝑧

GPS/INS
𝑛 − ℎ𝑛(�̂�

−
𝑛 )), (47)

with ℎ𝑛(𝑥𝑛) describing the non-linear relationship between
𝑥𝑛 and 𝑧𝑛. Once the state vector has sufficiently converged,
the SD ambiguities 𝑁𝑘𝑙

1 are fixed. We use the decorrelation
and tree search of LAMBDA [1] for the determination of
integer candidates. We select the candidate vector that has the
minimum baseline drift among all candidates with sufficiently
small sum of squared ambiguity residuals and sufficiently
small sum of squared fixed phase measurement residuals, i.e.

�̌�1 = min
𝑁1

∥∂�̌�1𝑟(𝑁1)

∂𝑡
∥ s. t. ∥�̂�1 −𝑁1∥2Σ−1

�̂�1

< 𝜒2
𝑁1

∧ ∥𝜆𝜑1 − 𝜆𝜑1(𝑁1)∥2Σ−1
𝜆𝜑1

< 𝜒2
𝜑1

, (48)



where the baseline drift is determined by least-squares estima-
tion using the linear model

�⃗�1𝑟(𝑡𝑛) = �⃗�1𝑟(𝑡𝑛−𝑚) +
∂�̌�1𝑟(𝑁1)

∂𝑡
⋅ (𝑡𝑛 − 𝑡𝑛−𝑚). (49)

A baseline drift occurs for wrong ambiguity candidates due to
the changing satellite geometry, and can be separated from the
noise and phase multipath after 2 to 5 minutes. We consider
an integer candidate as reliable once the baseline drift of the
best candidate is at least two times lower than the baseline
drift of any other candidate.

VI. MEASUREMENT RESULTS

This section shows the performance of multipath estimation
and the achievable PPP accuracy with low-cost GPS receivers.

We used the following measurement set-up: Two patch
antennas were mounted on the roof of a static car and
connected to u-blox LEA 6T single frequency GPS receivers.
The measurements were taken on an open-field with negligible
multipath. The ionospheric and tropospheric delays as well
as satellite phase and code biases were obtained from SSR
corrections. Artificial multipath was generated using Eq. (19)
and added to the real measurements.

Fig. 2 includes a comparison of the generated and estimated
pseudorange multipaths. The enlarged sections show that the
estimated multipath closely follows the generated one and that
the difference is in the order of the code noise.
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Fig. 2: The estimated multipath closely follows the artifically
generated multipath. The error of the multipath estimates is
only in the order of the code noise.

Fig. 3 shows the carrier phase residuals of the fixed PPP
solution. The residuals of most satellites are in the order
of a few millimetres and do not show any long-term drift,
which indicates a correct ambiguity resolution. Satellite PRN
19 shows some slight oscillations in the residuals, which
indicate phase multipath. The estimated absolute position has
an accuracy of a centimeter despite the severe code multipath
of up to 50 m.

0 500 1000 1500
−0.025

−0.02

−0.015

−0.01

−0.005

0

0.005

0.01

0.015

0.02

0.025

Time [s]

R
es

id
ua

ls
 o

f f
ix

ed
 p

ha
se

 m
ea

su
re

m
en

ts
 [m

]

 

 
PRN 03
PRN 04
PRN 11
PRN 14
PRN 17
PRN 23
PRN 32
PRN 19

 phase multipath

Fig. 3: Residuals of fixed phase measurements

VII. CONCLUSION

In this paper, we derived a precise model for the pseudo-
range multipath arising from multiple reflected signals with
individual amplitudes, extra-path delays, phase offsets and
Doppler shifts. The obtained model was integrated in precise
point positioning with GPS/ INS tight coupling. The posi-
tioning accuracy was analyzed with low-cost GNSS receivers
and SSR corrections and showed a millimeter-level accuracy
despite severe code multipath of up to 50 m.
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